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Extinction and Borrmann Effect in Mosaic Crystals

By W.H.ZACHARIASEN
Department of Physics, The University of Chicago, Chicago, lllinois 60637, U.S.A.

(Received 4 December 1967)

The theory of X-ray diffraction in mosaic crystals is modified to include the Borrmann effect. The
equations show that the Borrmann effect becomes important for strong reflections in type II mosaic
crystals if the domain size is of the order of 10-4 cm or larger and if o7 = 1. Under these circumstances
the integrated intensity may be enhanced by as much as a factor of two with a corresponding apparent

decrease in the extinction effect.

Introduction

In a recent paper (Zachariasen, 1967, henceforth to
be referred to as reference 1) it was shown that extinc-
tion in a mosaic crystal reduces the integrated intensity
of X-ray diffraction by a factor yx, the extinction fac-
tor, as compared with the prediction of the kinematical
theory. The expression for the extinction factor is

yr=(1+2xg)"1/2,
k=r*K20 T,

re=rlf1+(r/2g), )
N e2pFy |2 .
Qyi 1= . /sm 20,
T=—A"1dA/du .

r is the mean radius of a perfect crystal domain in the
specimen, and A(u) is the transmission factor. It is
assumed that the observations are made in the plane
of incidence, that r< T and that the misalignment of
the domains obeys an isotropic Gaussian distribution
law, W(4)=}2g exp (—2ng24?), where 4 is the angu-
lar deviation from the mean orientation.

The quantity K=1 for the normal and K=/ cos 20|
for the parallel component of polarization. The ap-
propriate expression for y, when the incident beam is
unpolarized, accordingly becomes

y=n+K»yr)/(1+K?), )

where the subscript specifies the value of K.

This intensity formula has been used successfully to
interpret experimental data obtained with small crystal
spheres showing high extinction, but small absorption
effects (Zachariasen, 1968).

In deriving and using equations (1) and (2) it was
tacitly assumed that the effective absorption coefficient
U was given by pu=puo="V"1 2% s, where uq; is the

J

atomic absorption coefficient of the jth atom in the
unit cell. This assumption implies that the Borrmann
effect (Borrmann, 1941) is negligible, and the sup-
position is not valid when the extinction is high and
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simultaneously uoT> 1. Accordingly equations (1) and
(2) need to be modified to include the Borrmann effect.

The basic equations of the theory do not predict the
value of the absorption coefficient u. The first task of
this article is therefore to find the correct expression
for u, and the next section is devoted to this problem.

The absorption coefficient

The propagation of an electromagnetic wave field of
X-ray frequency in an absorbing perfect crystal will be
discussed in this section. The problem is precisely that
of the dynamical theory of X-ray diffraction to which
different approaches have been given by Darwin
(1914a,b), by Ewald (1916a,b, 1917) and by Laue
(1931). Absorption phenomena were neglected in the
original formulations. However, Prins (1930) modified
the Darwin theory to include absorption, and so did
Kohler (1933) for the Laue theory.

The Darwin—Prins and the Laue-Kohler treatments
dealt specifically with crystals in the shape of infinite
plane parallel plates. The boundary conditions ap-
propriate for this crystal shape were applied, and the
results for the diffraction pattern were given in terms
of the deviation from the Bragg angle as observed out-
side the crystal plate.

For the present purpose of finding the expression
for the absorption coefficient it will not be necessary
to consider boundary conditions, and the variation of
4 with scattering angle will be given in terms of the
deviation from the Bragg angle as it would appear
inside the medium. Except for the omission of bound-
ary conditions and the use of an internal rather than
an external variable the presentation of this section
follows the Laue~Kohler formulation of the dynamical
theory. As a consequence there will be considerable
duplication of results already presented in an earlier
treatment (Zachariasen, 1945).

In the X-ray frequency range the polarizability per
unit volume is y/4n where y is given by

o242 .
o 2[4+ &k+ ink]Qx - 3

V=7 amer %
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Qy is the electron density function and &x+ini the
anomalous dispersion correction for electrons of type
k. Since y is periodic in space, it may be expanded
in a Fourier series, yielding

w= 2 ygexp[—i2nH . 1]
H

e2A2Fy

ame2lV

Fu= X (fi+4;+id])exp [i2nH . 1;— M;j] .
J

YH=— “

H is a reciprocal lattice vector, 4] +i4] the anomalous
dispersion correction and exp (— Mj) the temperature
factor for the jth atom in the unit cell.

It is convenient to set

Yu=Wutiyy, Fy=Fy+iFy

Fy= X (fi+4))exp [i2nH . r;— M}] (5)
J

Fy= X Ajexp[i2nH . r;— Mj] .
i

If the crystal has an inversion center at the origin,
wu=wg, Fy=Fg, and all four quantities w, 5, Fg,
Fy, will be real. Since 4;<(f;+4;) it is usually, but
not necessarily, true that |F5| <|Fl.

Because |y|<1, the expression for the dielectric
‘constant’ can be taken to be 1+ y with terms in higher
powers of y neglected. The relationship between field
& and displacement 2 accordingly becomes 2=
I(+y)& or =(1—yw)2.

The Maxwell equations for a non-magnetic dielec-
tric (£ =%,V .2=0) give the following self-con-
sistency condition for 2,

VX [Vx(1—y)D)= —c2522D/0t2 . 6)

A solution of the form 2 =D(r) exp [iwot — 27, . 1]

represents a wave with wave vector B, and an ampli-

tude D varying with position. If D is required to have

the periodicity of the lattice, Fourier expansion gives

D= X Dyexp [iwgt—i2nPy . 1],
Bu=PB+H,
Br.Duy=0.

(7

Thus the displacement field is represented as a super-
position of plane waves with coupled wave vectors Bg.
The third condition of equation (7) is a direct con-
sequence of the requirement that V . %2 be identically
zero.
Substitution of equations (4) and (7) in (6) gives
{ Yu-1Bu X (ByxDp)=(k§i—f3)Dy (®)
where ky=A4"1. Upon scalar multiplication with Dy/D,
equation (8) simplifies to

(BH—k3)Dy— fWH—Lﬂ%-IXHLDL:O s )]

EFFECT IN MOSAIC CRYSTALS

where yur=yLH=Du .Dr/DuDy is cosine of the
angle between Dy and Dy.

Since all quantities [wp—L| < 1, it follows that B~ k,,
and one may set Sy =ko[l +Jn] with |0x|<1. The ex-
pression 1+4Jy is the complex refractive index n=
ny+in; for the wave. Equation (9) can now be re-
written in the form

206D~ 2 wy-1yuiDL=0. (10)
L

Suppose that there is a single plane wave in the
medium, i.e. that Dy#0 and D=0 for L#0. In this
case equation (10) reduces to

(200~ wo)Dy=0

me=14+%yy, mi=3%yg. (11)

The presence of an imaginary term for the refractive
index implies absorption with an absorption coefficient
4 given by u= —4n2-'n;. Hence, one has for a single
plane wave

u=tio=V"1 X pig;
J

2e24

Haj= mc? Al ’

(12)

which is the well known result.

If the wave vector B, has a direction so as exactly
or very nearly to satisfy the Laue-Bragg equation for
one, and only one, lattice plane, one expects a wave
field consisting of two plane waves. Accordingly, let
Dy#0 and Dy #0 with all other Fourier components
Dy, equal to zero. The set of equations (10) then be-
comes

(260~ o) Do— WaxXouDy=0
—wuyouDo+(26u—yo)Du=0  (13)

and the cigenvalues are determined by the roots of the
secular equation

(200— o) (20— Wo)=Xou'¥uV¥r - (14)

Imagine that the internal Laue-Bragg equation is

exactly satisfied when B,=p3. Then By=8%=p3+H,

and | %] =|p3+H|=|BJl. Hence, % =49, and equation
(14) gives

n=1+4{yo+ Kl vywg} (15)

with K=1 for the normal and K=| cos 20| for the
parallel component. Henceforth, a centrosymmetric
crystal will be assumed, implying w = 5. If the Laue-
Bragg equation is exactly fulfilled, one has thus
“=pot Kun ,
Ug=V"12 pg;exp [i2nH . r;— M;]. (16)
j

When the Laue-Bragg equation is approximately
satisfied, one sets Bo=P3+¢&;f%t, where t is a unit
vector such that t. p3=0, while ¢, is a small angular
deviation from the ideal Bragg angle. Since By =p,+H,
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it follows that Jd;r=0J¢+¢, sin 20, and equation (14)
gives

do=3{wo—e&; sin 20 + l"wf,l'(2+(£1 sin 20)2} (17
Su=%4{wo+e; sin 20+ | w3 K2+ (¢ sin 20)2} .

Upon separation of real and imaginary parts one
finds
u=po+ Kunkk (18)
kr=(1+a%})"1?

a= sin 20/K|yul .

When the Bragg equation is exactly or nearly sat-
isfied, u is accordingly given by equation (18), while
the value u=y, is applicable only if there is no dif-
fraction.

The extinction f;lctor

The basic equations for a mosaic crystal as given in
reference 1 are

DR

oT, =—(u+a)ly+al
al’
=— 5)'+ 61, .
oT, (u+a)l'+5l, (19)

Iy and I’ are the intensities of the incident and dif-
fracted beams, T, and T, the distances of travel of the
two beams in the crystal. The boundary conditions are:
Io=Jo at Ty=0 and I'=0 at T,=0 where J, is the
incident intensity at the crystal surface.

&(ey) is the diffracting power per unit volume of the
mosaic crystal, and, as shown in reference 1, the ap-
proximate expression for & for spherical domains of
radius r is

G=2K20271r* /(1 + b2e?)

b=2nr*)-1
r*=r/}14+(rlig)>.

(20)

The solution of equation (19) is Ig=1I,exp [~ u(T;
+T5)] and I'=Texp [—u(T,+ T,)] where I, and I are
the solutions for u=0.

The integrated intensity of the diffracted beam is ob-
tained by integrating I’ over the crystal surface and
with respect to ¢,.

The quantity Kuxxx of equation (18) is in general
small compared with &, and it becomes justifiable to
replace xx with its mean value, kk, over the diffracting
power .

One has

- b db[ e d&[
= . 21
o S—oo V1+a2e2(1 + b23) /Rm 1+b%] @D

This integral can be evaluated, and the result (for
b<a)is

A C24A - 2*
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- z l+1/l —2z2
K= loge . )
) 1—z2 I—-}t—z
z=bla=2r*K|Fule*A/mc?V sin 20 . (22)

Values of z>1 may occur when r* and |Ful/V are
unusually large. However, these represent physically
impossible situations which arise because of the ap-
proximate character of equation (20). According to the
dynamical theory the maximum value of b is precisely
a, and hence the maximum value of kg is 2/x.

Table 1 gives kk as function of the parameter z.

Table 1. Relation of kg to z

z KK z KK
0 0 0-6 0-525
0-05 0118 0-7 0-559
0-1 0-192 0-8 0-588
0-2 0-298 0-9 0-614
03 0-375 1-0 2/n=0-637
0-4 0-435 >1-0 2/n
05 0-484

As a second reasonable approximation let the ex-
ponential term in the solution I'=7exp [— (T, + T>)]
be replaced by its mean value over the crystal. The
result is

I'=I(T\, T)A(uo + uuKkk) , 23

where A is the transmission factor. The integration re-
quired to yield the integrated intensity can now be
performed, and the result for the extinction factor y
becomes

y=A:ky+r/Ay (24)
yar=[14+2x.x]"12
Xk =r*K2QyA"'\Tyg ,
where subscripts refer to the value of K and of the
absorption coefficient as follows

Subscript u

0 o
+1 Mo+ pEk,
-1 Ho— HLHK (25)
+K Uo+ Kipcx
-K Ho— Kpnkk .

The two values for u of uo+ Kupkg and py— Kugrg
are equally probable. The detailed form of equation
(24) for an unpolarized incident beam is accordingly

y=[Anyut+A-1y-
+ KA A+vky+k+A-ky-p)l2A)(1 + K?) . (26)
When kx=0, one has A.x=4A,, y+xk=yk and equa-

tion (26) reduces to equation (2) which was given in
reference 1.
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Discussion

In discussing the final expression for the extinction
factor y as given in equation (26) it will suffice to deal
only with the normal polarization component for
which K=1.

A necessary (but not a sufficient) condition for the
observance of the Borrmann effect is that k¥ and hence
z be significantly different from zero. A comparison
of the expressions for the parameters x and z [equa-
tions (1) and (22)] shows that appreciable values of z
can occur only when extinction is high. For a strong
reflection (| Fr|/V ~0-3 x 1024 cm~3) and reasonable ex-
perimental conditions (=124, 6=15°) one finds
z~0-3r¥ x 10* cm~!. Hence, the Borrmann effect is
negligible unless r* is at least of the order of 10~ cm.

In reference 1 a crystal was defined as being of type I
if r/Ag>1 and of type 11 if r/2g<1. Thus, the effect
will be mainly confined to type II crystals for which
r>10"4cm.

The expression for um, as given in equation (16),
shows that um <pu,, but that ug is comparable to
for strong reflections. Suppose that ppx~4u, (which
is a reasonable assumption for strong reflections of
type II crystals with »>10-4cm). If one neglects the
relatively small difference between yy, and y—, it is
seen from equation (26) that the magnitude of the
Borrmann effect is predominantly determined by the
ratio (A+1+.4-1)/2A4,. The value of this quantity (with
1=+ 3u,, 6=15° for a spherical crystal of radius
R as function of y,R is shown in Table 2.

As illustrated by the numbers in Table 2 it becomes
necessary under the stated conditions to take the Borr-

Table 2. Influence of absorption
and crystal radius on the Borrmann effect

HoR (A+1+ A-1)/240
0 1-00
0-5 1-06
1-0 1-25
2:0 177
4-0 2:44
6-0 2:36
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mann effect into account even when yoR~0-5. For
HoR > 2 the effect produces an intensity enhancement
amounting to a factor of two or more.

The pure extinction depends upon the parameter x
of equation (1), and it is of interest to consider the
effect of wave length on the magnitude of the extinc-
tion for a given reflection of a given crystal specimen.
For small scattering angles one has xocAT. If absorp-
tion effects are small over the entire wave length range
under consideration, T is approximately constant; and
hence extinction will increase with the wave length.
However, for heavily absorbing crystals Tocu~1. In a
wave length region much shorter than any critical ab-
sorption edge, one has uoc228 and accordingly
xocA~1-8, Extinction does in other words decrease with
increasing A in heavily absorbing crystals. When the
Borrmann effect is also taken into account, the net
result is that the extinction factor y as given by equa-
tion (26) has a much higher value for the longer wave
length.

These and other consequences of the theory are well
illustrated by experimental data obtained with a small
sphere of calcium fluoride using both Mo Ka and
Cu Ko radiation.

The detailed quantitative interpretation of the cal-
cium fluoride data will be given in the following article.

The work was in part supported by the Advanced
Research Projects Agency under Contract SD-89.
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